OCCUPATION TIMES FOR MARKOV AND
SEMI-MARKOV CHAINS

BY
HARRY KESTEN(')

1. Introduction. We start with a recurrent, irreducible Markov chain
Yo, Y1, - - -+ with a denumerable state space, say the integers, and n step
transition probabilities P,(s), and define a sequence T, T4, - - -:of non-
negative random variables which represent the time spent in the sth state.
More precisely we assume that there exists a set of distribution functions
H;(#), j=0, 1, - - - such that(?)

k
P{To<to, -+, T St| Yo=jo, Vi=171, Ya=17s, - - - } = [] Hj,().

=0

We then put

k—1 k
Y@) =Y, if ET{<!§ET;’.

=0 =0
The process Y(t) jumps at the time D _f.o Ti, k=0, 1, - - -, and is constant
between jumps. Y(f) is a semi-Markov chain. Our definition is somewhat
narrower than the one of Smith in [15] but the case of [15] can be reduced
to ours (cf. remarks after (3.4) and after Theorem 3). If the functions H;(¢)
are exponential distributions then Y(f) becomes an ordinary Markov chain
with continuous time. If H;(f) gives probability one to the value one then
1=To=Ti= - - - and the process becomes equivalent to a Markov chain
with discrete time.

Let V(j) be some function on the integers. We shall be interested in the
occupation time problem i.e. the study of the limiting behavior of X 3o V(Y5)
and [3V(Y(t))dt. In particular if V is the characteristic function of a set J
of integers

A
B\ = f V(Y ()i
0

is the occupation time of J up till time A.
For semi-Markov chains with 2 possible states 8(\) was studied by Smith
[15], Lamperti [13] and Takics [16]. Pyke [14] like us, studied the general
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case, and obtained results related to ours. For bona fide Markov processes
the general problem of [{ V(Y (t))dt was studied by Darling and Kac [2] for
V() 20. In particular, in the discrete time case, if

(1.1) lim " S S p® Z s o

zT1 L( )n-OJ
1—-32

for some 0=Sa =1, slowly varying L, and all 7 with V(z) >0, they obtained
for the limiting distribution of

1.2) A~eL71(\) 2);.) V(Yy)

=0

a Mittag-Leffler distribution, and an analogous result for the continuous
time case. For positive recurrent Markov chains (discrete time) the occupa-
tion time problem has been practically solved by Doeblin [4], Chung [1]
and Kendall [11]. The only interesting case left, as far as Markov chains are
concerned, seems therefore if ¥ can be negativeand C=0 in (1.1) (and if the
chain is null recurrent for discrete time). Dobrusin [6] studied this problem
for the simple random walk on the integers i.e.

1
P{Yiu—Yi=+1} =P{V;y— Vi= -1} =5
We shall follow the lines of [16]. First we extend the results of [16] to
semi-Markov chains with more than 2 states. By specialization to Markov
chains we then obtain extensions of [2] and [6] which apply also if C in
(1.1) equals zero. Unfortunately, as Dobrusin, we have to restrict ourselves
to functions V which vanish outside a finite set J. For finite J we obtain a
result of the form

{IZET)) < ‘c} fo “Faye(1 — 2D)4)dG:(5)

(Theorem 1) where g(A), @, 8, D are appropriately chosen, F and G are dis-
tribution functions defined in terms of the distributions H;(t) of the times
To, Ty, - - . If M(\) denotes the number of visits to J up till time N\ and
G.(y) its limiting distribution function after proper normalization, then under
appropriate conditions (Theorem 2)

xV(Y(t))dt — M(\)B
0

(1.3 lm P = <xf = f o(xy11%)dGa(y)
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g(\) is a normalization function, ¢ the standard normal distribution and B a
certain constant. In the case of a discrete time Markov chain for instance
(Theorem 3) [3V(Y(t))dt becomes 3o V(Y)), G, will be a Mittag-Leffler
distribution and if Cin (1.1) equals zero so does B in (1.3). In case B=0 (1.3)
takes an especially simple form and this is undoubtedly the most interesting
case for (1.3).

The method of proof is in all cases the same. The random variable under
consideration is shown to be the sum of a random number of random vari-
ables. In §2 we derive the limiting distributions of such a sum if the number
of terms is “almost independent” of the summands themselves. The main
lemmas (§3) show that in our situation “almost independence” really holds
while in §4 we derive the theorems fairly quickly from the lemmas. We end
with an example.

We have tried to obtain relatively simple forms of the theorems by not
insisting on full generality. In principle our methods work for sums of the
form >, V(Yi, Yip, Ti) asin [14]. To a certain extent one could, as in [16],
also allow non-identical distributions for the consecutive times spent in a
fixed state. This would require to strengthen the conditions (4.6) and (4.7).
On the other hand it would be desirable to prove our results for functions
V(j) different from zero for infinitely many states. The author has been
unable to prove anything more in this direction than what is mentioned in
the remark to Theorem 3. The results of this paper are uninteresting if the
recurrence times for the states of the process Y; have finite expectations (like
e.g. in a positive recurrent Markov chain). This case has been treated exten-
sively in [14] however. Neither do our methods seem to work for a process
with a nondiscrete state space. In this case one probably has to revert to the
method of moments, similar to [2].

Someone interested in the results only could best skip §2, read the intro-
ductory part of §3 (up till Lemma 2), and then the theorems in the last
section.

The author wishes to thank Professor S. Karlin and Dr. C. J. Stone for
several helpful discussions. Reference [16] was brought to the author’s atten-
tion by Professor Karlin, whereas Dr. Stone suggested the usefulness of the
imbedded Markov chain.

2. Sums of a random number of random variables. The result of this sec-
tion is quite intuitive. If the random variables X,, X3, - - + and N would be
strictly independent Lemma 1 is almost obvious (cf. [5]). The lemma below
states that the same formulae hold if N is “almost independent” of X,,
Xy, -

Let Zo, Z1, - - - be an irreducible finite Markov chain (cf. [8, Chapter 15]
for terminology of Markov chains) with state space {0, 1, -, r} and let
there be given (r+1) distribution functions Fo(x), Fi(x), - - -, F.(x). We

shall consider a sequence of random variables X, X, - - - satisfying(?)
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P{Xoéxo,X1§x1,"’,Xkéxklzo=jo,zl=j1,Zz=j2,'"}

(2.1) k
= H F;,(x,).
s=0
l.e., given Zy, Z;, - - - the X's are independent and

P{X: < x| Zi = ji} = Fj,(x).

Repeated use will be made of (positive) normalizing functions f(k) and
h(\) which in all applications are of the form

(2.2) f(k) = k2L,(k), a>0
and
(2.3) h(\) = ML,y(A), B=0, B(A) > © as A — «

where L;(k) and Ly(\) are slowly varying functions. L(¢) is called slowly vary-
ing if it is continuous and if L(ct)/L(¢)—1 as t— o for all ¢>0. Notice that it
follows from the properties of slowly varying functions that [7, p. 400 and
the references cited there]

f(k2) ko

—0 as ——0, ks
f(k1) ki
Even though several results hold for more general functions we shall restrict
ourselves to this class.
F(:), G(-) and H(-) with or without indices always stand for distribution
functions and convergence of distribution functions is always meant in the
weak sense. Thus expressions like

lim P{ }k_“, X; = x} = F(x)

koo =0

(2.4)

1.

1%

are only meant to hold for the continuity points of F(x).

LEMMA 1. Let Zo, Zy, - -+ be an irreducible finite Markov chain and
X, X1, - - - a sequence of random variables satisfying (2.1) and let N(\) be a
non-negative, integer valued, random variable such that(3)

P{NQ\) S k| Xo, X1, X0, - -+, Zo, Z1, Z3, - }

2.5
(2.5) =P{NQ) S k| Xo, -+, X, Zo, -+ -, Zs}.

If there exist functions f(k) and h(\) of the form (2.2), (2.3) such that(*)

() In the usual terminology, one is given a stopping rule, which determines when to stop
observing the process. The decision to stop or continue after % steps depends on the past & steps
only and not on the future.

(*) In limgay; Aey both & and X go to infinity in any (dependent or independent) manner.
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k

2 X

i=0 NQ\)

(2.6) k_)ji.fil_mp ® Sz &—h?):)—é y| =F@®- Gy
then(®)
[N(x)
2 x, w
(2.7) 7\122 P o) Szx}t=H®E) = fo_F(xy"")dG(y).

If (2.5) holds and

k
X; — ak
(2.8) lim P Z L e
. m sSx = .
beiroe b e =7 i

with ac#0, 0<ea, B<1, then(®)

NQ)
Z X — acA l F(xb~1c@) ifa> B,
(2.9) lim PI-=———— <o | = {Fab"c) +Glaa"ldY)  ifa = §,
A oo Amax(a,f) ]

G(xa—1d™1) ifa < B.
Proof. Let us prove (2.7). From (2.6)

k

2 X

=0

lim P <z} = F(x).
boe f(k)

This is of course independent of the value of Z, and hence, for any 0<j<r

k
2 X

P

0
lim P Sx|Zo=j} = F(z).
k}-bw f(k) |o j ()

Thus by (2.4) there exists for every ¢>0 a 6>0 such that (for any 0<j<r)

ky ks
X; X;
2 _ 2 1#
2elZy=jt=P 2 | Zo
f(k) f(k2) f(k2)
whenever ky/k1 =8, ky;=1. Choose 8 so as to satisfy (2.10) and also such that

the points 48, =1, 2, - - - are continuity points of G(y). Define a new ran-

(2.10) P =jl<e

(%) F(x071) is taken to be one if x=0 and zero if x <0.
(8) F(xb~c—=*)*G(xa"'d!) is the convolution j;F((x—y)b“c‘“)d,,G(ya‘ld"‘). The same
notation for convolution is used in (3.38) and (4.50).
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dom variable M(\) by
2.11) {M()\) = [6a\)] i NQ\) < (),
MQ\) = [ksh(N)] if (B — 1)88Q\) < N(\) < kSh(\), k= 2,3, -
Thus
(2.12) 0< M) — NQ\) < 86(\)

and by (2.5) the conditional distribution of Y %) Nou+1 X+ given Zyoy=j is
the same as of D_23~¥N X given Zo=j. Since Zyq, can take only the values

0,1, .- -, rit follows from (2.10) and (2.12) that
M) N
2 Xi— XX,
(2.13) pl|= S
f(r(N))

We may therefore restrict ourselves to the study of { f(h()\))}'l Ho X,
From now on x will be chosen a continuity point of H(x) (H(x) is obviously
a distribution function). Put k;= [18k(\) ]. By (2.6) we can choose an 4 such
that for all A

L2

> P{MQ) =k} <.

jmA+1

Then

MQ) ki

™ o 5% oo
=0 i=0 xf(h
Sep-2F = & M(\) = kif + be
(2.14) Q) 1 e .:i(ki) f(k)
2 X
_ ¥l BN i_)

where |0| <1. Letting \ tend to infinity we get by (2.2) and (2.6)

> r(2) ot - 6 - 19} + F(*) 60 - 2¢

=1 (jo)=
MO
E X:

M)
2 X
<z} < limsup P

=0 §x
f( ) PP oy
){Go‘a) 616 = o)) +r(2 = Voo + 2

< lim inf Pi

Ao

(5)



88 HARRY KESTEN [April

Letting first § | 0, then €| 0 and using (2.13) (2.7) follows. The proof of (2.9)
is very similar if we take into account that Y ~% X;—ach= Y% (X;—a)
+a(NQ) —cM). The details can easily be supplied.

This lemma is quite analogous to the result of [5]. As in [5] one might
also want to consider the cases a=0, ¢#0 and a0, ¢=0 in (2.8). These,
however, do not lead to anything more than the first part of our lemma. E.g.
if a=0, ¢#0, Dobrusin [5] also only uses the consequence “N(\)/eA—1 in

probability” of (2.8).

COROLLARY. If Zy, Zi, - -+ 1s a finite irreducible Markov chain and
Xo, X1, - -+ a sequence of random variables satisfying (2.1) and, as k—
Dk oXi/k—C5#0 in probability and if (2.5) holds and

I P{N( < } Gly)
m P{—— = ,
e ) =7 Y
then
N
)IP. ¢
. =0 G(xCY) if C > 0,
(2.15) lim P Sap= { .
P ] l h()\) 1 - G(xC") 1fC <0.

Proof. Putting

(2.16) ) {1 ifx=0,
. x) =
0 if x <0,
one has
k
2 X
lim P{—— < x} = F(x — O).
k—ow

Since F can take only the values zero and one, one easily verifies

k

. =0 NQ\)
lim P Sx&——=y
koo ;Ao k ]()\)
> >
X,' Xi
. i=0 N\ im0
= lim P Sxp-P <y S«
k=0 ;A= k h(k) k J
= F(x — C)-G(y).

(2.15) follows then from (2.7).
3. The main lemmas. In this section and the next one Yy, V3, - - - will
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be a denumerable irreducible recurrent Markov chain. (If one has a chain
which is not irreducible one has to go through the usual method of separating
the state space into several irreducible and one transient part.)

For convenience we identify the state space with the set of integers.
H;t) (j=0, £1, - - - ) will be a set of distribution functions and T, T3, - - -
a sequence of non-negative random variables satisfying

k
(3.1) P{ToSto, T St| Yo=Jjo, Vi=ji, Ya=7s - - -} = [] H;(t)

=0
and
(3.2) H;(0-) = 0.
We construct a semimarkovian process Y(f) by defining
Y(0) = Yo,
3-3) V. if En <ts Zk: T..

Fe=0 =0

Y()

Thus the process starts with ¥ (0) = Y,=7, for some j,. It remains a time T
in this state. Then it jumps to some state, say ji with probability
P{Yi=4j| Yo=jo}. Given jo, Ty and j are independent by (3.1). It stays in
j1a time T, whose distribution depends on j; and jumps then to some state
Ja2, etc. In order to make (3.3) meaningful for every ¢ we have to assume

(3.4) > T; diverges with probability 1.
1=0

The definition of the Y(¢) process is almost the same as the definition of a
regular semimarkovian process of Smith in [15]. Our definition may seem
less general since given Y, T; and Y,,, are independent. The general case
where the distribution of T may depend on Y; and Y, can be reduced to
our case by considering the Markov chain of pairs, Y/ = (V;, Y.,1). With this
definition T; and Yj,, are independent if Y/ is given (cf., however, the re-
marks after Theorem 3).

In addition to the T, T3, - - - we consider a sequence of random variables
Vo, V1, - - - . We assume that there exist two dimensional distribution func-
tions Gj(x, t) (j=0, £1, - - - ) such that
(3.5) lim G;(x, t) = H;(t)

Z— 0
and
PiVoSm, -, VisaTo<ty -, T < t| Yo=jo Vi =j,

v, =j2) e } = I[ Gi.(xn lt)-

s=0
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Thus, if the ¥’s are given the V’s are independent, the T’s are independent
and V;is independent of T; 45j. V; may, however, be dependent on T or
even be a function of T.

We assume that there exists a finite set

T = {Goyj1, =+ + y dr}

such that V; is zero with -probability one for indices j outside J, i.e. (cf.
(2.16))

(3.7) lim G(x,t) = F(x) forallj & J.
t—w

Define the successive times

ro<r<---
of visits to J by
(3.8) Y,,EJ but Ye&J  if kis not equal to some 7;.
Put
3.9) Z; =Y,
(3.10) IX;="V..
Zo, Zy, - - - is the imbedded Markov chain with state space J. Its transition

probabilities are given by

Quis = P{Zip1 = jo| Zs = ju}

3.11 ®
( ) =EP{Yn=jv,Yk$Jf0rlékén—llyo=j“}.

ne=1

Since we assumed the original chain irreducible, so is the finite Markov chain

Zy, Zy, - - - . If the stationary probability of j, in the last chain is g(%), then

(cf. [8])

61D dw>0  Taw=1 I = 0.

We introduce in addition

(3.13) Wo = 02_; T; (=0if ro = 0),
e

(3.19) W, = ) E 1 T; (=0ifri=ri1+1).
it

W is the time spent outside J between the ith and (:+1)st visit to J.
Finally, K(\) is defined by
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K®) EM\)+1
(3.15) 3 Wi<AS Y W
=0 0

We shall be interested in the limiting behavior of sums like
EQ) EQ)

E X.‘ = Z Vf"-
=0 =0

Lemma 2. If (3.5), (3.6) and (3.7) are satisfied and if there exist functions
f(R), k(\) of the form (2.2), (2.3) such that

k
Z X.‘ — ak
=0
(3.16) lim P{——— < x2} = F(x)
e | f(B)
and
) KQ\) — ox
3.17) lim P {— =< y} = G(y) (¢ = 0, since K(A\) = 0)
Ao h()\)
and, in case c#0 also
h(\ 16N
(3.18) Q—»O, ®) ,
A AL2
then
k
X; — ak
(3.19)  lim P R B R B TN
. im ————— S & —— =yt =F(x): .
k— o ;Ao f(k) - h()\) =7 )

Proof. We shall only prove the case where ¢#0, the other case being
quite similar. Consider the imbedded Markov chain Zy, Zi, - - -+ and let

(3.20) m(u, v) = number of indices 7, 1 < i < &, for which Z;—y = ju, Z; = J.

Define

am=(2)

kll2

By (3.18) A(k)—» as k—« and consequently (e.g. by Theorem 4 in [1])
there exists for every €¢>0 a k, such that

P{qu)Quok(l — AR)EY?) < m(u, 1) S gW)Quok(l + A(R)E1)]

(3.21) > 1= e

whenever k= ko. Introduce the abbreviation
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(3.22) s=s( N = [A+ 9] + 1

and the event
k
Z X,' — ak

3.23) E(x, 9,k \) = o
(3.23) E(x,9,k N D)

< qw)QupA(s)st? for0 S u,v < r}.

Sx& I n, — SQ(“)QMI

Then, if sZko(|0:| <1)
k
{Z%)X;—ak K(Q\) — e
Plm—m—m———— = & ———
() B(\)
KQ) — o
= E ——————
P{EG 7 8 &5

(3.24) = P{E(x, y, k, )\)}-P{%

= y} =+ 0:e
= yl E(x) Y k’ )‘)} + 61e

a(y\)
= P{E(x,y, k, x)}-P{ > Wiz | Ex,y, k,)\)} + e

=0

k
ZX,' — ak e(y)
= Pl s P S Wz B k0] 420
f(&) su=0

Moreover, because of (3.6), (3.7) and (3.10) one has

P{ZW;;)\[XO,XI,---,nl(u,v),ng(u,v),'~-,0§u,v§r}
(3.25 .
=P{EW;_Z_)\[n,(u,v)0§u,v§r}.

=]
In fact, write H,,.(x) for the conditional distribution of W; given that ¥,
=Ju, Yy, =J»l.€.

1
H,.(x) =

0 n—1
EP{ZT;§x,Y,.=j,,Y,,$Jfor1§k§n—-1|Yo=j..}

4,9 naml f=1

= P{Wx = x|ZO=ju; Zy =j°}'

Given n,(u, v), 0Su, v<r, > i, W;is the sum of Eo,..,.,, n,(u, v) non-
negative random variables. These random variables are independent of W,,
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each other and of X,, X, - - - . Exactly #n,(u, v) of these random variables
have distribution function H, .(x). Let (%, v) be integers such that

| A, 9) = sgW)Qur| = g)Qur4(s)sV2.
Then, by (3.21), if
t=1(y,N) = s(y, ) — 34(s(y, N)(s(y, M)*? 2 ko,
P{n(u,v) < i(u, 1), 0S w9 <r} 21—
and hence, by the above remarks
P{ iw.-gx} §e+P{ ing)\lm(u,v) < (u,1),0 S u,v < r}
@326 .
<e+ P{ DW= A n(u,v) = i(4,0),0 < u, v §r}.

Since, by (3.18)
A(s(y, M) (s(y, M2 = o(h(N)), A— o,
t, N Z A+ (y — 9h()) + 1

for sufficiently large A.
Combining (3.21)-(3.26) we have

s(y.\) t(y,\)
P{ 2 W.-gxlE(x,y,k,x)} gP{ 2 Wiz x} —¢

=0 =0

(3.27) 2 PLKQ) S 15, \) — 1} — e
KQ\) — e
Z P{————— sy — e} — e
h(\)
Together with (3.24) this implies
k
X; — ak
.’-Eo ¢ KQ\) — e
B R e
(3.28) A .
X:— ak
f}-:; ¢ KQ\) — o\
=Pl < -P{————gy—e} — 3.
f(&) ) h(\)
If x, y is a continuity point of F(x)-G(y) we get as k—o,A\—>», el 0,
k
X — ak
| EXme KQ\) — o
liminf P{———— £ 2 & ———— Z y} = F(x)-G(y).

koo ;Ao f(k) - h()\)
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In a similar way one obtains the same upper bound for

k
go o= ak KQ\) — e
lim sup Pi———— S s & ——— =y,
i | f(@) )
thus completing the proof.

In the next section we shall make use of the law of large numbers and a
theorem concerning limit distributions for Markov chains in a form slightly
more general than usually given. We formulate it below for finite Markov
chains. As in §2 let Z,, Zi, - - - be a finite, irreducible Markov chain with
state space {0, 1, - - -, 7} and stationary probability g(j) of state j, and let

X, X1, - - - be a sequence of random variables satisfying (2.1). We introduce
+0
(3.29) w= [ e,
(3.30) C =2 q(mi,
J=0

2 to
(3.31) o; = f (x — C):dF;(x)
and

o = i g(i)o; + 2 i Z': (mjo + ma — mia)q(5)q(k) (w; — C)(ux — C)

(3.32) ":° ”:‘ ":°
o> 9(G)o; — 2 2 22 4 (s = Comisg(B) e = ©)
where

0

3.33) mij= 2 nP{Zy=j,Zy #j for 1 Sk <n—1|Z =i}
. ne=]

= Expected first passage time from ¢ to j.
The equality of the two expressions for ¢2 in (3.32) follows from the fact
>0 q(f)(w;—C) =0. Notice that m; ; can be computed by means of sections
4.4.7 and 5.1 (pp. 79 and 102) of [10].
LEMMA 3. If the integrals (3.29) converge absolutely, then with probability 1,

k

2 X

=0

(3.34) lim

k— o

= C.

If in addition 03 < w, j=0,-- -, 7, then
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k
2 X —kC . .
(3.35)  lim P < x| = ¢(x) f s,

ke okl/? - (21!’)”2 -

(If 0=0, (3.35) means that its left hand side without the factor o tends to zero in
probability.)

Let UP, UY, - - - be independent random variables, each with distribution
function Fi(x). If there exist a; >0, constants C; and distribution functions G;(x)
such that for 0Sj=r,

W)
2 U —kC;

=0

(3.36) lim P{i———— < x}! = G;(x)
k— kal'

with

a;, ==+ =q, = mMax a; = «

0sSJsr
(but a;<a if j not one of 11, - + -, J.) and if
1

(3.37) a> Py in case at least one Cj #= 0,
then(®)

k r
Z X.—*k Z Q(j)c:‘
(3.38) lim P{—— =0

r—w ke

S xp = Gy(x(qG)) ™) * - - -* G (x(g(7))™).

Proof. (3.34) is proved exactly as Theorem 2 or 6 in [1]. Similarly (3.35)
is proved as the central limit theorem in [4], [1] or [11]. The expression for
o2 in (3.32) was given in [1]. (3.38) we prove again only if some C;#0. Let
nx(j) = number of indices ¢, 0 <4<k, for which Z;=j. Then, with

1<8 .(3 a+1)<_(1)
.50 3 = min 73 2 min(1, a),
' lim P{|m(j) — q(j)k| > &} =0
) 22X
and consequently, with probability close to one,
k r r
D Xi— k2 q()C; =2 3 (Xi — Cj) + ok
=0 j=0 =0 (j)
where Y ;) runs over those i <k for which Z;=j and IOI =1. By (3.39) how-

ever k=2 Yy (X:—C;) has the same limiting distribution as
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a()k+k o s
(3.40) k‘“{ > US —(gDk+k )Cj}
=0

(compare the argument leading to (2.13) from (2.4)). Since the limiting dis-
tribution of (3.40) is Gj(x(¢(5))~*) if a;j=a and F(x) (cf. (2.16)) if o; <a, (3.38)
follows,

REMARK 1. For applications it is useful to have the following generaliza-
tion. Instead of (2.1) assume there exist distribution functions F; ;(x) such
that

P{Xoéxo,X1§x1,°",Xkéxk|Zo=jo,Z1=j1,Zz=jz,"'}

= H Fj, i),

gm0

(3.41)

I.e., given the Z's the X's are independent but now the distribution of X
depends on Z; and Z;,,

P{X;’ = xl Zi=jiZin= jt'+l} = Fjjin(®).
Put

Fi(x) = P{X; S 2| Zi=j} = I‘ZOP{Z.-H = k| Zi = j}Fia(a).

With this definition one can prove by a somewhat more complicated argu-
ment that (3.36) implies (3.38) whenever a>1/2.

REMARK 2. Obviously only slight modifications are necessary to allow
normalizing functions k%L;(k), L; slowly varying, in (3.36).

4. Applications to Markov and semi-Markov chains. We assume as in
§3 that Yy, Y3, - - - is an irreducible, recurrent Markov chain with state
space the integers and # step transition probabilities P{™. ¥(¢) is defined by
(3.3) and (3.1)—(3.4) are assumed to hold. It was proved in [4] (cf. also [1]
or [3]) that there exists a set of finite, positive numbers {p;} such that

4.1) lim =—
Noo &L @ P
ji
ne=1

The stationary probabilities of the imbedded Markov chain Z,, Z, - - - (cf.
(3.8)—(3.12)) are then given by [3]
Piu

T

2 pi,

=0

4.2) q(u) =

We first discuss occupation times for semi-Markov chains and specialize
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later to obtain results for ordinary Markov chains. Put

1 €T = (o - - dn

(4.3) v =14, e Ao 24
0 ifjJ,

and consider

A
(4.4 BA) = f U(Y(¢))dt = time spent in J up till A,
0

An ingenious argument of Tak4cs makes Lemma 2 applicable to this prob-
lem. The following lemma is Lemma 2 in [16]. Notice that it has nothing to
do with the semimarkovian character of the ¥ process. Takics simply proved
the events between braces in the left and right hand side of the equation in
Lemma 4 to be identical (cf. (3.1), (3.8) and (3.15) for the definitions of T,
and K(\)).

LeEMMA 4 (TAKACS).

{BO) S 2} = {K%ﬂ T, < x} .

=0

[

Before formulating the first theorem we want to indicate how Lemma 3
can be-used to verify conditions (4.6) and (4.7) of this theorem. T, is the
time spent in J during the (s41)st visit to J. If Zy, Z;, - - - is the imbedded
Markov chain with state space J (cf. (3.9)) then the distribution of T, de-
pends on the value of Z; only. Given Z;=j, the distribution function of T,
is H; (t) and T, is independent of { T,; j#=i}. Hence by Lemma 3 it suffices
for (4.6) that

kE U{u)

lim¥YP{— <4
" kou

exists for u=0, 1, - - - , » where U™, 4=0, 1, - - -, are independent random
variables each with distribution function H; (¢). In other words (4.6) will be
satisfied if the H; (f) belong to a suitable domain of attraction. Similarly W;
is the time spent outside J between the sth and (4 1)st visit to J. Its dis-
tribution depends on the values of Z,_, and Z, only. Given that Z; =3, and
Z:;=j,, W; is independent of {Wj; j=i} and its distribution function,
F..»(x) say, does not depend on 2. Since (4.7) is equivalent to

[yhN)]1+1
lim P{ > Wiz A} = G(y),

Ao =0

we see that (4.7) will follow from Lemma 3 (applied to the chain of pairs
(Zi, Z3)), it
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kz W(u.v)
i

=0

lim P{l—— =< x
k— o ka"-"
exists for ,v=0,1, - - -, r, where the Wﬁ""’ 1=0, 1, - . -, are independent
random variables with distribution function F, .(x). By Remark 1 to Lemma
3 it even suffices, in case max a,>1/2, if for u=0,1, - - - | r
k
lim Pl <«
k— o kou

exists, where W, i=0, 1, - - - are independent random variables with

P 5 5} = PV S 5l 2= ).

A slightly different method for finding the limiting distribution of D W, is
used in the example at the end of this section. That method can be used
whenever the Y process has a finite state space.

THEOREM 1. If there exist functions f(k) and h(\) of the form (2.2), (2.3),
satisfying

“.5) i TN _
A—

and if

.
(4.6) ,152 P D) Sz =F(2)
and

RNy
@ Jim P {m = } = G)
then, for D <
(4.8) lim P{ B < x} - O_F (xy~=(1 — xD)~*)dG(y) if x < D7,
e (RO) '
1 if x> DY,

(D'=w 3f D=0). If D= and(") F(04+)=G(0+)=0, then

(7) If F(0+) and G(0+) are strictly less than one, it follows already from (4.6) and (4.7)
that F(0+)=G(0+)=0. This is therefore only a minor restriction.



1962] MARKOV AND SEMI-MARKOV CHAINS 99

(4.9) ? — 1 in probability (\ > ©).
Proof. By Lemma 4
K(X-zfz(hm)
T,,
{ B(N) } s !
(4.10) P Sz = P{———— = 2t
f(2(N)) J{2eN)

Let us call NQA) =K A —xf(k(\))). By (4.7), the fact that K(\) is a monotonic
function of N, and (2.3) one has for x <D,

lim P {i\f(();) } = G(y(1 — 2D)#)

and, by Lemma 2

k

2T,
lim Pi— <z& N—O\—) <yt = F()-Gy(1 — xD)7P),
| LT f(k) h()\) -

Using Lemma 1 one obtains

NQ)

Z T"t

t=0

Jim Pt s 5 = fo_my—«)d,a(y(l — =Dy

= f:F(zy‘“"(l — xD)~*%)dG(y).

Putting z=x, the first part of (4.8) follows while the second part follows if

x D,
To prove (4.9), we note that always
0< B(\) <1
A
while for 0 <x <1
K (1—2))
T,

B( ) (] )\
{ N = } Pliaoa—=n = *maoa=an ~°

(\— @) because A {f(EM\(1—x))) }‘1-—>0 and F(0+)=G(0+)=0.
ReMARK. Clearly, Lemmas 1 and 2 allow us to treat also the case where
(4.6) and (4.7) are replaced by
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k

2T, — ak

limPM——gx = F(x)
I—>w bk

and

, KQ\) — ex
3:;2 P{—d_v_c = y} = G(y)

with ac#0,0<a<1,1/2<B<1. We shall not write out the results explicitly.
The reader may easily find the appropriate limit distributions for such a case
by using the tables on pp. 536, 537 in [16]. Theorem 1 was proved by Takécs
[16] if Y(2) can take only two values and if

0 IH

P.' il =
” 01” 1 0

i.e. if the two states alternate. Lamperti [13] considered also 2 states only,
with

? q
?p

One may consider the random variables W; somewhat unpleasant to work
with, since they only represent the time spent outside J. If, however, B(A)/\
tends to some constant @, 0=a <1, in probability then one may replace W;
by T._1+ W;. Instead of B(\) one may even consider more general random
variables in this case. This will be done in the next theorem.

Let V(j) bea function which equals zero whenever j outside J = {jo, - - -, 7.}
and define the following quantities (if the appropriate integrals exist):

2l - |

(4.11) C =3 qwVG), (g asin (4.2)),

u=0

412) o* = 3 g V() — O — 23 5 q@) V(i) — Omso i (Vi) — €)

u=0 u=0 =0

with m,,; as in (3.33),

(4.13) Py = V(ju)f xdH; (), 0<u=sr,
0

(4.14) B =Y g

Um0

(4.15) o =f (V(ju)x — B)2dH; (), 0LZu=<r,
0
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and

2 r r r
(4.16)  p =2 qwed — 22 X q(w) (4w — B)m;, ;,9(v)(us — B)
u=0 Ym0 =0
with m;,; as in (3.33).
Instead of W, we now introduce

ri—1

(4.17) Wo=W, and W,= > T i1,
Jm=ri—1

and define M(\) by

M) MO)+1
(4.18) S W.<rg Y W.
=0 =0
M(\)+1 is the number of visits to J of the Y (¢) process up till time A.

As for checking condition (4.20) of the next theorem, the remark which
was made before Theorem 1 concerning (4.6) and (4.7) applies almost word
for word. Sometimes one can also find the limiting distribution of M(\) from
that of B(\). In fact if the integrals in (4.13) converge and

B =g [ =i, o), 0susy,
u=0 0
then, by (3.34), with probability one
k
2 U(Y)T,
lim = B'.
k— o k

Consequently, also (compare [1, p. 405])
BN

lim ——— = B’ with probability 1
Ao M()\)
and
MQ A
(4.19) lim p{—(—) < y} = lim P{ﬁ—(—) < B'y} .
oo LAQ) R VTN
THEOREM 2. If V(j) vanishes outside J={jo, - - -, j»} and
(4.20) li P{MO‘) < }—— G(y)
' e Lay STV

for some function h(\) of the form (2.3), then for C#0
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M) \
V(Y,,
) .-z;' (- G(xC™Y) ifC >0,
4.21) lim P{—m——— Sz} = ‘
Ao h(Q\) 1 —-G(CY ifC <0,
and if the integrals in (4.13) converge, for B0
by 3
V(Y ()dt
. j:, (r@) G(xB™Y) if B > 0,
(4.22) lim Pi————— =Sz} = .
A h(N) 1 — G(xB™Y) if B<O.

If (4.20) holds and if for some 0=a<1

(4.23) —B(%) — a in probability (A — ©)
then
MQ)
2 V(Y,) — MOMN)C 3
) . i=0 < _ f 12 g
(4.2 lim P PG szp= | #ydco)

where a? is given by (4.12) (with the same convention as in (3.35) if ¢ =0).
If in addition to (4.20) and (4.23) the integrals in (4.13) and (4.15) con-
converge, then
A
f V(Y (s))dt — M(\)B

(4.25) x11:1; p{=° o Szl = f:¢(xy‘”’)dc;(y)

where p? is given by (4.16) (with the same convention as in (3.35) if p=0).
Proof. By Lemma 3

k
2 V(Y
=0 N C
k

with probability one. This, together with (4.20) implies (4.21) by the corol-
lary to Lemma 1. Similarly, if the integrals in (4.13) converge

-k

E V( Yr.') T,

=0 B
k

with probability one. Consequently
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MQ0\)—-1

2 V(Y)T,
=0
M@\
and
MQO)
2 V(YT
=0
MO
It follows that(?)
V(Yun)Tuo) V(Yuo))Tuoy
———————0 and ———— 0
MQ) k()
in probability. Since (|0| <1
A MO)—1
(4.26) f V(Y@®)dt = X, V(Y,)Tr + 0V(Yuoy) Tuony,
0 =0

(4.22) follows again from (4.20) and the corollary to Lemma 1. Let us finally
prove (4.25). The proof of (4.24) will then be clear. First we show that condi-
tions on M(\) can be replaced by conditions on K(A). From (4.18) and the
definition of B(A\) we have

MQ))

(4.27) > Wi+ B0 =

tm=0
and thus for any ¢>0
MM = KA — B + 9.

On the other hand, again from (4.18)
MM\)+1

(4.28) > Wiz A —B80

1=0
which combined with the above gives
(4.29) KX —BA) = MAN) = KA —BQ0) + 9.
Since B(\)/A—a in probability we have for any ¢>0
(4.30) lim P{KQ(1 —a—¢) S MQAN) S KA1 —a+¢)} =1

A—

and this combined with (4.20) shows

(*) Actually one can prove from renewal theory, that lims.. P { | B(N)— zﬂ") V( Y,,.)T,..I
=41} =0, uniformly in A if the integrals in (4.13) converge.
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KQ\(1 — a))
Ty = y} = G(y).

Using Lemma 3, one has, if the integrals in (4.13) and (4.15) exist,

(4.31) lim P{

A— o

k
S V()T — kB |
. i=0
(4.32) klirg P e =< x} = ¢(x),

and thus, by Lemma 2, (4.30), (4.31),

‘:: V(Y. )T, — kB

=0 M)
lim P Sx&——=y
1 X RN pk1/2 h()\)
(4.33) § |
V(Y,)T,,— kB
= lm P Z <t M) |> = 6(2)-G(y)
L@ Aow pkl/? - hQ\) = yJ )

Lemma 1 shows then
MO)-1

2 V(Y. )T.,— M(\)B

=0

lim P o] = xJ
A=
(4.34) M‘:M
E V( Yr.')Tr; - M()\)B ] "
i = = —1/2) /4,
Tt o[h)] sz -f _ $(yndGE).

Notice that we do not know a priori the equality of the first and second
member of (4.34) but obtain from Lemma 1 that both equal the third mem-
ber. If we now take

V(j) = U(j) = characteristic function of J (cf. (4.3))

then we obtain from the equality of the first and second member in (4.34)
and the fact 720, that(?)
Uy T V(Y T
————( o) ¥® 50 and —-—————( uo) Ty — 0 in probability.
h(N) h(\)
This, together with (4.26) and (4.34) proves (4.25).

Theorem 2 extends the results of [2] to V’s which are not necessarily
non-negative. The main interest of (4.24) and (4.25) is undoubtedly when C,
respectively B equals zero. If we apply (4.25) to the function W(j) which
vanishes outside J but equals V(j)—B/B’ on J, we obtain
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A B
f V(¥ ()it — BO) =
lim P B o<alo f o (ey-i11)dG(y)
Ao o [h(N) ]2 - 0

where p’? is the expression in (4.16) computed for W.
By the techniques of this theorem one can of course also get limits like

f 0:ol’*‘(xy‘")alG(y)

in (4.25) if the integrals in (4.15) and or (4.13) diverge and if instead of
(4.32)

k

> V(Y,)T,,— kB

=0
lim P <z} = F(x).
k— o f (k)

An interesting special case of Theorem 2 arises when Y(¢) is actually a
Markov chain with no instantaneous states. In this case, the distributions
H;(x) are exponential distributions and the integrals in (4.13) and (4.15)
converge automatically. Moreover, under the conditions of Theorem 1 in [2]

. B()
(4.35) lim P S xp = Go(x)
A—® AuL()\)
for some 0=a =<1 and slowly varying L, where
1)1
(4.36) Go(x) = — Z - sin wajT'(af + 1)t-1dt
0 j=t ]

is a Mittag-Leffler distribution. When a <1, (4.35) implies (4.23) with =0,
and together with (4.19)

L ,
Jim P{)\“L(A) = x} = Ga(=B).

This makes Theorem 2 directly applicable. E.g., one obtains

( f V(@) — MO)B

(4.37) xlir{: P{ NOTE = xJ = f0_¢(x(B')1/2y—1/2)dGa(y).

Even if a=1, L =constant (4.35) is useful to find the distribution of K()).
In this case

A M\ 1
& —1 and —Q — — in probability.
AL AL B’
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This implies, by (4.30),
KQ\) L
_)
A B'(1—-1)

in probability.

Another, very interesting special case is the case where H;(t) assigns proba-
bility one to t=1 for all j. This means that

(4.38) 1=To= T, = T, = - .- with probability one,

i.e., the Y (¢) process is equivalent to a discrete time Markov chain. We for-
mulate the consequences for this case in the next theorem. We shall assume
the condition of [2]

(4.39) Il A Y CE

lim
271 L(l/(l — 2)) nmo
for some 0 Sa =<1 and slowly varying function L(x) (p, is the same as in (4.1).
As long as the limit in the left-hand side of (4.39) exists and differs from zero
we can always make it po by multiplying L by an appropriate factor). It
was shown by Lamperti [12, Lemma 6.1] that (4.39) implies
1—-2* & wa

4.40 lim ——— ) P;;z = p;.

(4.40) .nL(l/(l—z))"Z_., i* = b

By the results of [2] we have therefore

: M)
(4.41) lim Pi—————— <y = Ga(9)

T L) X g

u==0

since with (4.38) M(A\)+1 represent the number of visits to J in the first A
steps of the discrete time Markov chain.

THEOREM 3. If V(j) vanishes outside J= {jo, - - -, j.} and if (4.39) holds,
then with C and o2 given by (4.11) and (4.12)

Y
V(Y;
. § (73 Ga(2CY) ifC >0,
(4.42) lim Plm———— S 2} = 1 = Gu(xC-Y) 1C <0
Ao T = Galx 1 y
ML) 2 pa,
Um0

and

E V(Y) — MO\)C

(4.43) lim P P L f é(xy~1%)dGa(y)
A r 1
a(m(x) 2 p,-u)

um=0
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(with the same convention as in (3.35) if 0=0).

For the proof we only need observe that

A—1 MQ)
gwm=§wm

and that (4.41) implies (4.23) with ¢ =0 if <1, since B(A\) = M(\) under the
condition (4.38). If @=1 one can directly apply Lemma 1 since G:(y) assigns
probability one to the value one. For the case where Yy, Y, - - - is the simple
random walk on the integers (i.e., P{ Vin-Y;= +1} =P{ Yin—-V,=-— 1}
=1/2) and C=0 (4.43) was already proved by Dobrusin [6].

REMARK. If V(j) does not vanish outside the finite set J but only outside
an infinite set J’ it is sometimes still possible to prove (4.42) or (4.43). M(\)
then of course represents the number of visits to J’. In fact, if

(4.44) 2 pi<®

JeJ’

then the imbedded Markov chain Z’ with respect to J' is positive recurrent
(by use of §6.2.3 of [10]). Thus, if in addition to (4.44) also

(4.45) VG| < w

JEJ’

then, still

k1 i: V(Yy) —’< 2 I’f)—l 2 VG =C

=0 JjEJ’ JEJ’

with probability one (Theorem 6 in [1]). This easily gives (4.42). Also (4.43)
(with the obvious change of the constants) can be shown to remain valid, if
in addition to (4.44) and (4.45) one has

(4.46) E Z (mjs + ma — mp)pipr < o
jeJ’ keJ’
and
.47 X VG + X X mu+ma—ma)pip| V| | VR < o
jeJ’ jeJ' keJ’

where 1 is any (fixed) state in J’ and m;; as in (3.33) with Z’ instead of Z.

The proof is based on an approximation argument. Instead of on J’, one
takes V different from zero on larger and larger finite subsets of J’ and applies
(4.43). The error committed by this approximation is estimated by means of
Theorem 8 in [1].

As we pointed out before, for a semi-markovian process as defined by
Smith [15] the distribution of T; may depend on Y; and Y. In order to
apply our results one first has to introduce the auxiliary Markov chain
{VI=(V;, Vi) }, in which case the distribution of T; depends on ¥/ only.
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However, a finite set of states J of the ¥’ chain is then a set of pairs (4, j),
1&EJ1, jEJ, where both J, and J, are finite. In such a case S(\) would repre-
sent only the time spent up till A between transitions from J; to J,. If the
whole state space is finite, one can of course take for J; the collection of all
states. In all other cases, if one wants the time spent in J; up till A, one needs
some condition which insures that the time spent between transitions from
Ji1 to the complement of J, is small with respect to 8(\), for large J.. One
can then use an approximation argument by letting J, increase to the whole
state space.

We shall also prove a theorem of a type different from the preceding ones.
Define

So<s1 <52
as the successive indices & for which Y, =j, for some fixed state j,, and put
M (A, \) = number of indices 2 = 1 for which
sSi— k1= A and s S A

M(A4, \) is the number of recurrence times of the state j, which are at least
A, up till A,

THEOREM 4. If (4.39) is satisfied, then
A*L(A)T(1 — a)
AeL(A)

lim lim P{

Ao A\ow»

M(4,)) = x} = Ga(x).

Proof. Define independent, identically distributed random variables X; by

{1 if S — Si—1 g A,
X," =
0 if S§ — Si—1 < A,

and let N(QA) be the largest & with sy <\. Then

NQ)
M(4,)) = 3 X.

t=1
On the other hand, if

Ym= 2, P{Va=jo, Vit jofor1 Sk <m—1| ¥y =jo},

N==m

then EX;=v4, while, as 2 71 (cf. [8, Theorem 1, p. 243])

3 m — )1 3 f"). " —lN_m
Lo =t =97 £ 20 p:uL(1/(1 = 2)

mm=1 n=0
by (4.40). By Karamata’s Tauberian theorem [7, p. 511]
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A
2 Ym~ A7%(p;,L(A)T(2 — )™

m=1
and, because Ym=7Yms1 one can deduce (compare Hilfssatz 3, p. 517 in [7])
lim A*L(4)ya = ($;,T'(1 — &))"

A—ow

This implies of course for every ¢ >0 and sufficiently large A (say 4 = A4(e)),
k

X
1—c¢ . 2 1+ e
< lim A«L(A)T(1 — @) =

Pio Lnds 21

with probability one. The theorem follows now immediately from (4.41).

Let us end with a simple

ExaMPLE. Assume there are 4 states for the Y, chain, say 0, 1, 2, 3. This
can also serve as a model for a semi-Markov chain with 2 states where the
distribution of T; depends on Y;and Y. For, if ¥; has 2 states, then there
are 4 states for the process Y/ = (Y, Y,,1) of pairs. The transition probability
matrix P should belong to an irreducible Markov chain such that the station-
ary probabilities go, ¢1, g2, ¢s are all positive. Let (3.1) and (3.2) hold with
distribution functions satisfying

im (1 — Hy()) = 4,
(4.48) Jim t( i) = 4,70,

0<ai<2’ j=011)2)3'

If UP, UY, - - - is a sequence of independent random variables, each with
distribution function H;(x), then by (4.48) and [9, Theorem 5, p. 181, Theo-
rem 2 and footnote, p. 175], one has

k .
v
. =0 .
h'_l'n P il S xt = Fa(x) ifaj <1,
(& )
2 U — Bi(k)-k
lim P = . <xl=Fx) ifa;=1,
N
U —Cik
lim P1—11()—;;/f— <xp=Fyx) ifa;>1
t—w aj

where F,;(x) is some stable law of order a;,

lim (log k)~'B;(k) exists
) X ]
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and
C; = f xdH ;(x) if aj > 1.
0

We consider now
B(\) = occupation time of J = {0, 1} up till time A.

Define r;, W;, K(\) as in (3.8) and (3.13)—(3.15). From Lemma 3 we obtain
the limiting distributions of Y % T, O _f-o Wi and hence K(\). Theorem 1
then gives the limiting distribution of S(\). Take, for example

1 1 1 1
(4.49) — = —> — > max 1,—).
asg as ay 1))

Then, by Lemma 3,
k

T,
fm P <o) = b (2 B)
ko w hllar  — at a1 :

Also, if U(j) is the characteristic function of J={0, 1} (cf. (4.3)) then by
Lemma 3

2 Ti(1 - U(Yi))‘

=0

(4.50) lim P é xr = Fa’(xqi'l/dt) *Fa’(xqa—l/c;).
k— o kl/a’
But
m(k)—1 k m(k)
WS X T(1-UY) S W
=0 L] =0
where m(k) is the number of indices ¢, 0 <<k, for which Y;EJ. Therefore
m(k)
% =g+ q

with probability one and with (4.50)
k
2 W,
| 1/ag 1/ag
(4.51) lim P{-—— < o} = Fa’(x<9°+ql> >*F“‘<x(40+ ql) )
k—w kllﬂt q2 o

Consequently
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N W,
() >

K . 1o=0
lim P{—— = y} lim P{——— 2 y Va2
Ao A2 Ao y1/°’>\

+ 1/a2 1/ag
=1- Fa, <y—l/a, (qo ; 91> ) * Fa; <y—-l/a2 (qo-;' Gh) ) _ G(y), say.
2 3

Putting f(k) =kY*, h(\) =\ one has

h(\
D = lim fRN) = lim \@/a-1 = (,

A—® A=

Thus, by Theorem 1,

Y © 1/ay
lim P{ BN x} - f Fu, (x(q"""q‘) )dG(y).
Ao o Aa2/a1 0— Qy

It is possible to compose a table, similar to the one in [16] for the many
other relations between ay, oy, o, a3 which can come instead of (4.49).
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